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Abstract. The internal state labelling problem for the d-row irreducible representations
of SU(n) (where 2d <n), when reduced with respect to SO(n), is shown to amount to
the external state labelling problem for U(d). The canonical solution of the latter due to
Biedenharn et al provides a canonical solution of the former, which reflects the operation
of Littlewood’s branching rule for U(n) > O(n) in a very simple way.

1. Introduction

The usefulness of the group chain SU(n)>SO(n) in applications of group theory to
both atomic and nuclear spectroscopy has been appreciated for a long time (Racah
1949, Elliott 1958, Moshinsky 1967, Wybourne 1970). Unfortunately it turns out
that the SO(n) subgroup does not provide quantum numbers enough to specify
completely the states transforming under an irreducible representation (irrep) of
SU(n): this is the so-called state labelling problem for SU(n) 2 SO(n).

The prototype of such a labelling problem is that arising for the chain SU(3)>
SO(3). Since the pioneering work of Elliott (1958), Bargmann and Moshinsky (1961)
and Racah (1964), several different methods have been proposed to resolve this
difficulty, and they can be divided into two classes (see e.g. Moshinsky et al 1975).
The first type of solution uses as bases the common eigenstates of a complete set of
commuting Hermitian operators. Besides the Casimir operators of group and sub-
group, the latter contains an additional missing label operator. Its eigenvalues provide
the missing label for the state vectors. They are not integer numbers but the corres-
ponding basis states are orthonormal. The other type of solution leads to an integer
additional label associated with analytic, but non-orthogonal, basis states. The latter
are not the eigenstates of any complete set of commuting operators.

Among the second of the above approaches, the method of elementary permissible
diagrams (Moshinsky and Syamala Devi 1969)—or the equivalent method of elemen-
tary multiplets (Sharp and Lam 1969)—plays an important part because it is based
upon Littlewood’s theorem (1950) for the reduction of an irrep of U(3) into irreducible
parts with respect to O(3). The basis states corresponding to given irreps of SU(3)
and SO(3), and of highest weight with respect to the latter group, are factorised into
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a product of powers of a finite number of similar basis states associated with some
low-dimensional irreps of SU(3) and SO(3) (characterised by the so-called elementary
permissible diagrams). The power of one of these elementary basis states provides
the missing label.

The generalisation of this method to other group chains, although clear in principle,
is rather hard to perform because the number of elementary permissible diagrams
tremendously increases with the rank of the Lie algebras involved. In the case of the
SU(n) >SO(n) chain, the application of this method has been restricted, as far as we
know, to irreps of U(n) which have no more than three rows (Syamala Devi 1970).

The purpose of the present series of papers is to propose a new solution to the
state labelling problem for SU(n) > SO(n ), which reflects the operation of Littlewood’s
branching rule in a much simpler way than the method of elementary permissible
diagrams while remaining free of such practical limitations. The present paper is
concerned with the general formulation of the method. For this purpose, we shall
restrict ourselves to the case where the number of rows d of the Young diagram
characterising the SU(n) irrep does not exceed v =[n/2], i.e. the largest integer
contained in n/2. When this condition is fulfilled, Littlewood’s branching rule directly
applies without need to supplement it with Newell’s modification rules (1951). The
way the latter can be included in the present picture for SU(n) irreps for which
d >{n/2] will be dealt with in a forthcoming paper.

In § 2, we establish the equivalence between the state labelling problems for the
complementary chains U(n) > O(n) and Sp(2d, R) > U(d) when d-row irreps of U(n)
are considered. In § 3, we construct the highest weight states of equivalent O(n) irreps
in a Bargmann space of analytic functions in dn complex variables. In § 4, we determine
from them the highest weight states of equivalent O(n) irreps belonging to a given
U(n) irrep, thereby solving the state labelling problem for U(n) > O(n), or SU(n)>
SO(n). Section 5 contains some concluding remarks.

2. The state labelling problems for U(n) > O(#n) and Sp(2d, R) > U(d)

In the present paper, we shall discuss the state labelling problem for the d-row irreps
of SU(n) (where 2d <n), when reduced with respect to SO(n), in terms of the chain

U(n) 2 O(n). (2.1

As is well known (Wybourne 1970), the irreps [A142 . . . hy] of U(n) remain irreducible
under SU(n) and are characterised by the same partition; the same is true for the
irreps (A1A; ... A4) of O(n) when reduced with respect to SO(n ), except when 1 = 2v,
d =v,and A, >0, in which case

(/\1/\2 e A,,_l/\;,)—)(/\l/\z P )\V-l/\,,)+()\1)t2 e /\,,_1 —AU). (22)

Littlewood’s branching theorem (1950) for chain (2.1) states that if in the reduction
to irreps of U(n), the product representation [A;A;...Ag]X[AAS ... kY] contains
[A1hs ... ha] acertain number of times, which we denote BY gla Az Aulhind ki lbrhs. hals

then the irrep [h1h, . .. hy] of U(n) breaks into irreps (AjA, ... Ay) of O(n) according
to

lhr. . hal= Y < Zw g[)\l.‘.)\d][hZ...hé][hl...hd])(/\1 N VIR (2.3)

At.o.Ag VhihG
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the summation in brackets being over all partitions that characterise the irreps of
U(n) of the type [hih5 ... hy;] with A3, ..., hy even integers. Littlewood’s theorem
may be used for any d value such that d =n. However, when 2d >n, (A;...Ag) is a
non-standard symbol of O(n) and has to be converted into a standard one by using
Newell's modification rules {(1951). This difficulty will not arise in the present paper
since we restrict ourselves to d values such that 2d <n.

Let us consider the highest weight state (Hws) P of one of the equivalent O(n)
irreps characterised by (A; ... A4) and contained in the irrep [#; ... Aq] of U(n). This
HWs can be built (Moshinsky 1963) as a polynomial in dn boson creation operators
nis (Wherei=1,2,...,d,ands =1,2,...,n). Weshall use Bargmann’s representation
(1961), wherein the creation operators n;; are represented by some complex variables
z:, and the corresponding annihilation operators &, by 8/6z;. In such a representation,
the generators of the U(n) and O(n) groups are given by

d
Csl = Z zisa/azu (2-4)
(=1

and
~'\sr = —i(Csr - Crs)a (2.5)

respectively,

The construction of the Hws P(z;,) is most easily discussed in terms of the group
chain

Sp(2d, R) > U(d), (2.6)
where U(d) is generated by the operators
Ci]' = Z Z:’sa/azjs’ (27)
s=1
and Sp(2d, R) by
. n n az
Di= Y ziis Di=Y s E;; = Cy+1n8y. (2.8)

The groups of chain (2.6) are complementary (Moshinsky and Quesne 1970) with
respect to those of chain (2.1) within the irrep %) or 3" 7'3) of a larger group
Sp(2dn, R) (Moshinsky and Quesne 1971). In other words, all the boson states
belonging to an irrep of U{d) [O(n)] characterised by [A, ... A J[{A; ... As)], and of
highest weight with respect to this group, belong to a single irrep of U(n) [Sp(24d, R)]
specified by [h1... hal[(Aa+n/2,..., A +n/2)] (Moshinsky 1963, Moshinsky and
Quesne 1971).
Consequently, P(z;) can be written as

Aa+n/2, .. A+n/2)  [hi.. . ¢l
Plzi) =( z, (T)A . hd] s (T Aa) ), (2.9)
max max

where the left-hand part of the ket characterises the irreps of chain (2.6) while the
right-hand one specifies those of chain (2.1), and P(z,;) is of highest weight with respect
to both subgroups U(d) and O(n). The index (I'*) denotes the whole set of d(d —1)/2
missing labels (Racah 1965) which distinguish between equivalent irreps of U(d)
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contained in a given irrep of Sp(2d, R). At this point it is important to realise that
due to the complementarity relationship between chains (2.1) and (2.6), the set (I'")
also provides us with the d(d —1)/2 missing labels characterising the equivalent irreps
of O(n) contained in a given d-row irrep of U(n). We shall now proceed to show
how an explicit construction of P(z;,) leads to a canonical definition of (I'*).

For such a purpose, let us consider the weight and raising generators of U(d) and
O(n). For the former group, they are the operators C; and C;;, i <j, respectively.
For the latter, following Wong’s notation (1967), they are given by

H,=MAz2a-1,

AP =3(Asa-128+ Asazp-1+iA2a-128-1 —1A2428), B<a, (2.10)
DE =3(~Aza-128+ Aza2a-1—iA2a_125-1~1A2a20), B <a,
ES=2""*Ansa+iAn2a-1) (only when n =2y +1),

where o and 8 run from 1 to v =[n/2].
The polynomials P(z;) of (2.9), corresponding to all possible sets (I}, are solutions
of the following system of first-order differential equations:

H.P=A.P, AfP=0,8<a, (2.11a,b)
DfP=0,8<a, E;P =0 (only when n =2v +1), (2.11¢,d)
CiP =hpP, CyP=0,i<j, (2.12a,b)
where Ay.1=...=A, =0. The usual procedure to solve such a system of equations

(see e.g. Bargmann and Moshinsky 1961) consists in considering (2.12) first and (2.11)
afterwards, i.e. in looking among all the polynomials P(z;;) belonging to a given U(n)
irrep for those which also belong to a given O(n) irrep and are of highest weight with
respect to O(n). In the present paper, we shall reverse this procedure and solve (2.11)
first, then (2.12). This means that among all the polynomials P(z;) belonging to a
given Sp(2d, R) irrep we look for those which also belong to a given U(d) irrep and
are of highest weight with respect to U(d). The method followed here would therefore
be the usual procedure for the complementary chain (2.6).

3. Highest weight states of equivalent O(n) irreps

Before solving the system of equations (2.11), it is advantageous to simplify it by
making some appropriate changes of variables. First we note that the dn variables
z;; do not have a definite weight with respect to O(n). In analogy with the spherical
coordinates in three dimensions, we are led to define the linear combinations

@i =27 (21201~ 12i20), bia =27 (21201 +izi2a), (3.1)
Ci = Zin only whenn =2v+1,
where { runs from 1 to d and « from 1 to ». The new variables a;,, b;» and ¢; have

a definite weight with respect to O(n), respectively equal to (0,...,0,1,0,...,0),
0,...,0,-1,0,...,0),and (0, ..., 0), where £1 stands on the ath place.
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Next we introduce the scalars with respect to O(n) which can be built from the
z;; variables,

=Y zis2js =W Lj=1,...,d (3.2)
s=1

Since the O(n) generators do not act on the 3d(d + 1) functions wy; it is interesting
to go to a new set of variables including the wj;’s because the O(n) generators will
contain no derivatives with respect to them. In this way, it is possible to reduce the
number of variables in (2.11). Let us therefore eliminate 1d(d +1) variables of the
b« type—being of low weight, they are likely to play no part in the Hws—and replace
them by the w;;’s. The new variables are defined by

Uia = Qigy Cl-'-'-l,...,l/,
vfp:biﬂ’ pzly"'aV_'i’
= p=v—i+l {only when n =2v + 1), (3.3)

(al‘ab/a +ajabia), when n = 21/,

R
I

=
] i
S et

(@iabja + jabia) +ciC) whenn =2v +1,

where / and j run from 1 to 4. It can be easily checked that the Jacobian of the
transformation is different from zero so that the variables u,,, v,, and w;; are func-
tionally independent.

In terms of the variables u,,, vy, and w;;, the weight and raising generators of O(n)
become

a min{v—a,d) a
H, =), u ViaT—
Z ia aum = ia aviay
min(v—8,d) ) min(y—a.d) d
Ag= Uia - U, B <a, (3.4)
i=1 aU[B i=1 Bv,-a
] min(v-3,d) 9
D U bia— <«
Z xBa Uia = maviﬁ, B s
min(y~a.d)
Ei= Y  vioisi— *Z Ui T (only whenn =2v +1),
i=1 61) i=1 avz v—i+1

where b, is a function of the new variables, that could be obtained in principle by
inverting (3.3).

Let us now look for the solutions P(uia, Ui, w;;) Of (2.11). Since the change of
variables (3.3) is not linear, the functions P(u,, vy, wy) could be non-analytic in u,,
v;, and wy, while remaining polynomials in z;,, We shall disregard here this possibility
because, as shown in the next section, the analytic solutions provide us with the Hws
of all the equivalent O(n) irreps contained in a given U(n) irrep in accordance with
Littlewood’s rule.

Equations (2.114) and (2.11d) (the latter for n =2» + 1) only contain derivatives
with respect to the v, variables. As shown in the appendix, they impose that P does
not depend upon the latter. We are thus left with functions P(u;,, wy).
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Taking (3.4) into account, the remaining equations (2.11a,c) become

H ula! WU Z ulu P(uxm wl]) - '\ P(uxaa Wl])) (35)

ia

and
d 0
DgP(U.‘a, Wi/') = z uiBa—P(uicn Wij) =0, B <a.
i=1 ia

When acting upon functions P(u;,, w;}, the operators H, and D? therefore respectively
behave as the weight and raising generators of a U(v) group, whose generator general
form is 21 u,, 8/duig, a, B=1,...,v. Equation (3.5) means that P(u, w;) is the
Hws of an irrep [A142. .. A4] of this U(v) group.

From the results of Moshinsky (1963), it is easy to construct particular solutions
of (3.5), which only depend upon the u,, variables. They are given by

P_(uia) = (H11))‘1_)‘2(1412,12))\2_)\3 o (U2 d-1.12..d-1 ))‘d—l_*d
X (U124 12 d)Adz( i Uiz , ulZ...d—Zd,lZ...d—1>. (3.6)
H11 H1212 U12..d-1,12..d-1
n (3.6), ui2..i-1712..i-15 1 SI<j<d, is defined by
W12, i—1j12.i-1i =Ep‘. ()PUrpitap) . Uictpi-DUpiirs (3.7)
where the summation is carried out over the /! permutations of the indices 1,2, ...,i—

1, i,and Z is an arbitrary polynomial in the variables indicated, subject to the condition
that when multiplied by the other factors in (3.6), it should still be a polynomial in
the us's. The number of linearly independent functions P(u;, ) is equal to the dimension
of the irrep [A; ... A4] of U(d). The general analytic solution of (2.11) is obtained by
linearly combining these functions P(u;,) with coefficients P°(w,) which are arbitrary
analytic functions of the w;; variables.

4. Highest weight states of equivalent O(n) irreps belonging to a given U(n) irrep

To obtain the highest weight states of both O(n) and U(d) irreps, it remains to impose
the conditions (2.12) on the linear combination of functions P(u;, )P’ (w;). When acting
upon such functions, the U(d) generators (2.7) reduce to the expression

Z Uio -+ 2 (148w — i (4.1)
ja k= ow; k

where we have carried out the changes of variables (3.1} and (3.3). On the right-hand

side, the first term operates on P(u;.), whereas the second one acts on P(wy).

As mentioned above, the polynomials P(u;,) corresponding to all possible indepen-
dent choices for Z span the representation space of an irrep [A;...A4] of U(d). It
is possible to choose Z in such a way that the polynomials P(u,,) transform irreducibly
under the canonical chain U(d)>U(d —1)>...>U(1), and are characterised by a
Gel’fand pattern (A) (Gel’fand and Tseitlin 1950). Then they can be written in analogy
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with (2.9) as

{Ad+n/2,...,A1+n/2) [/\1/\4]
Plui) ={ Ui (A1 Ad] ;o (A Ad) ), (4.2)
{A) max

where no additional label of the (T"*) type is needed.

Since the functions P° (w;;) depend upon scalar variables under O(#n), they transform
according to the irrep (0) of O(n), and span the representation space of an irrep
(n/2...n/2) of Sp(2d, R). In a recent work (Deenen and Quesne 1982), we showed
that the latter breaks into a direct sum of irreps [h1 ... hy] of U(d), where hi, ..., hg
are even and each irrep has a multiplicity one. We can therefore specify the indepen-
dent analytic functions P*(w;) by the partition [A]... 4] and the Gel'fand pattern
(h*) so that

(n/2...n/2) [hi...hg]

Piwy)=( wy| [A1... ha] (0) . (4.3)
(h*) max

The uws of the irrep [A1 ... ha] is given by (Deenen and Quesne 1982)

/2. .nj2) (RS k) )
wil (A1 hal (0) =Au; s H (Wi 12,0 " The2, (4.4)
max max o

where w2 ;2. is defined in terms of wy; by an expression similar to (3.7), A ;. a3
is some normalisation coefficient, and hg.; =0. Therefore, by applying appropriate
Ul(d) lowering operators (Nagel and Moshinsky 1965) to this Hws, we can actually
construct the right-hand side of (4.3).

From (4.2) and (4.3), the solutions of (2.124, b) are now obtained in a straightfor-
ward way: we only have to couple P(u;,) and P*(wy) to a definite irrep [k, ... hq] of
U(d) by means of appropriate U(d) Wigner coefficients. The result can be written as

()\d+n/2,...,/\1+n/2) [h[hd]

Uiay Wij (T .. ha) s ()AL Ag)
\ max max
(v*)
(hy. .. hy] s sy \|[A1. .. Ad]
= hi... h
thJ(A) max [ 1(/’15) d] (/\)
Aa+n/2,...,A1+n/2) [Ar...A4]
X\ Uin [A1...A4] ;o (AL Ag)
(A) max
(nf2...n/2y [h1...h]
X{wy| [h1.. hal; (0) , (4.5)
(h*) max

where we use Biedenharn's notations for the U(d) Wigner coefficient (Biedenharn et
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al 1967). The operator pattern (y°) solves the state labelling problem for the product
[Ai...Ag]x[h}... k3] of U(d) irreps. Together with the partition [4] ... hY], it can
serve to distinguish between equivalent irreps of U(d) [O(n)] contained in a given
irrep of Sp(2d, R) [U(n)]. In other words (I'*) can be taken as

()= ([h‘l(.y.s.)hf,]) (4.6)

This definition of (I'*) indeed provides us with the right number d(d — 1)/2 of additional
independent labels since the I';; are linked by the relations

i Zr,l L= hi— A, i=1,....d 4.7)

Moreover the states corresponding to different (I'") patterns are linearly independent
by construction.

We have therefore provedt that the internal state labelling problem for the d-row
irreps of U(n) (where 2d <n), when reduced with respect to O(n), amounts to the
external state labelling problem for U(d), for which a canonical solution is known
(Biedenharn et al 1967). This new solution of the state labelling problem for U(n) >
O(n)—or for SU(n)>SO(rn)—may also be termed canonical since it reflects the
operation of Littlewood’s branching rule in a straightforward way, as can be seen by
comparing (2.3) and (4.5).

Since the set of labels (I'"*) are integer, we should expect according to Racah (1964)
that the corresponding bases are not orthogonal. Although twostates (4.5) correspond-
ing to the same irrep [#]... hy] but to different patterns (y*) are orthogonal, this is
not true in general for two states associated with different irreps [A1...hy]. We
indeed note that in (4.5) both P(u;,) and P*(wy) are classified according to the same
U(d) group. Had they belonged to given irreps of two commuting U(d) groups,
orthogonality with respect to [h] ... A5] would have resulted.

5. Conclusion

In the present paper, we have taken advantage of the complementarity relationship
between the chains U(rn) > O(n) and Sp(2d, R)>U(d) for d-row irreps of U(n) to
propose a new solution of the state labelling problem for U(n)>0O(n) or SU(n)>
SO(n). This solution is not restricted to small values of n or d (provided that 2d <n),
although its practical usefulness is of course limited by the need for an explicit
knowledge of the U(d) Wigner coefficients.

Since it is directly connected with Littlewood’s branching rule for U(n) > O(n), it
should be intimately related to the method of elementary permissible diagrams. In
forthcoming papers, we plan to study this point as well as to extend the present analysis
to irreps of U(n) for which 2d >n.

The same kind of approach as that developed here could be used to solve the state
labelling problem for the chain U(2v) © Sp(2»), for which both a Littlewood’s branch-
ing rule (1943) and a chain of complementary groups (Quesne 1973) are known.

¥ In the case d = 3, a similar result was obtained by Vasilevskii er al (1980) using a different approach.



State labelling problem for SU (n) >80 (n) 2103
Appendix. Solutions of (2.11b) and (2.11d)

In the present appendix, we wish to show that the solutions P(ua, vip, wij) Of (2.115)
and (2.11d) are those functions which only depend upon the u;, and w;; variables.
Let us first consider the set of equations (2.114). In the variables uy,, v;, and wy,
they can be written as
min(v—8.d) 9 min(v—a.d)

)
B8p _ A s— P =0, <a, Al
AaP ( ,Z-:l umav,-g igl ulﬂavia> B “ ( )

For any 8 value between 1 and v — 1, there are v — 3 equations corresponding to

a=fB+1,...,v. Let us arrange the 3 values in decreasing order, starting from
B =v —1. For this value, there is a single equation
oP
AP =u, =0, (A2)
01,1

which imposes that P does not depend upon v, .. Let us show by induction over
B that the equations correspondingto 8 =v —1, v —2, ..., Bo impose that P does not
depend upon v, i =1,...,min(v-8,d), B=v—1,..., B¢ If the latter is true for
B=v—-1,v-2,...,B0+1, when considering 8 = B0, we have to solve v — 3, additional

linear equations

min{v—B,.d) 9P
AbrP= Y u,—=0, a=8o+1,...,v, (A3)

i=1 g,
in v — B¢ or 4 unknowns 9P/dv;s, according to which one is the smallest. Since the
matrix of the coefficients coincides with that of the u;, variables for which /=
1,...,min(v ~Bo,d), and a =Bo+1,...,v, its rank is equal to the number of
unknowns and the latter are therefore equal to zero. This completes the proof of the
proposition. It then follows that the whole set of equations (2.114) imposes that P

does not depend upon v;,, where i =1,...,min(vr —p,d), andp=1,...,v-1.

In the case where n =2p, we have therefore succeeded in eliminating all the v,
variables. In the cases where n =2v+1, we are left with the variables v;,_;+1,

i=1,...,d, but we have still to consider the set of equations (2.11d), which can be
written as

d aP
ESP=Y u,———=0, a=1,..., v (A4)

=1 OUiuir1
This is a system of » linear equations in the d (<v) unknowns dP/3v,, ;1. Since the

matrix of the coefficients is of rank d, the unknowns are equal to zero, so that P does
not depend upon v, —;.1, i =1, ..., d, either.
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